Abstract A construction of conservation laws and conserved quantities for perturbations in arbitrary metric theories of gravity is developed. In an arbitrary field theory, with the use of incorporating an auxiliary metric into the initial Lagrangian covariantized Noether identities are carried out. Identically conserved currents with corresponding superpotentials are united into a family. Such a generalized formalism of the covariantized identities gives a natural basis for constructing conserved quantities for perturbations. A new family of conserved currents and correspondent superpotentials for perturbations on arbitrary curved backgrounds in metric theories is suggested. The conserved quantities are both of pure canonical Noether and of Belinfante corrected types. To test the results each of the superpotentials of the family is applied to calculate the mass of the Schwarzschild-anti-de Sitter black hole in the Einstein-Gauss-Bonnet gravity. Using all the superpotentials of the family gives the standard accepted mass.
Introduction
Examination and study of perturbations in general relativity (GR), including gravitational waves, cosmological perturbations, etc, unavoidably lead to constructing conservation laws and conserved quantities for such perturbations.
To describe a perturbed model one needs to choose a background spacetime (not perturbed solution of the theory), in which perturbations propagate. Depending on a concrete problem, a background can be both flat (Minkowski spacetime) and arbitrary curved (e.g., cosmological, black hole, or another solution). Researches consider such systems both in an approximation (say, in linear one) and in an exact form (without any approximation, perturbations are not infinitesimal). In earlier works, conserved quantities in GR, classical pseudotensors and superpotentials, have been presented in a non-covariant form. At the present time, researches elaborate and study covariant quantities. For the most of the above one can recommend the reviews [1, 2] and numerous references therein; the paper [3] can be very useful also.
As a rule, a construction of conservation laws is based on using the Noether procedure. Even non-covariant pseudotensors and superpotentials have been connected with the Noether theorem [4] [5] [6] . In the framework of GR, the Noether procedure is applied to the Einstein-Hilbert action either directly, or not explicitly. Various appropriate modifications of the Lagrangian are used, these are an incorporation of background structures (such as metric, connection, etc), an addition of various divergences, etc (see, e.g., [7] [8] [9] [10] [11] [12] [13] ). In GR, due to efforts of very many authors a technique of applying the Noether theorem has been well developed. However, last two decades, numerous metric theories, which are various modifications of GR, become more and more popular. They are quadratic in curvature theories, see, e.g., [14] ; or theories of the Lovelock type [15] ; or f (R) theories [16] , etc. For them there is also a necessity to study perturbations and construct conservation laws. Many results in this direction have been obtained also (see, for example, [17] [18] [19] [20] [21] [22] [23] , and reviews [1, 2] and references therein). However, concrete forms of metric Lagrangians in such theories are very various and more complicated than in GR, therefore it is very desirable to elaborate united rules for constructing conservation laws for perturbations. The present paper is just devoted to this problem.
One of the main requirements is to construct covariant expressions and quantities. However, recall that covariant derivatives of the metric are equal to zero identically. Therefore a direct application of the Noether procedure in the framework of gravitational metric theories leads to non-covariant identities and conserved quantities [24] . To present covariant expressions one includes either additional structures, or uses relevant reformulations. One of the earlier attempts to suggest covariantized Noether identities in GR is the Ray work [25] . Here, in a definite sense, we develop Ray's ideas. Examining perturbed models with a fixed background (a known solution), we operate with a background metric anyway. Namely its presence permits us to construct covariant expressions.
Already covariant identities and conserved quantities for perturbations in arbitrary field theories with using an auxiliary background metric have been suggested; these results have been applied in the framework of the EinsteinGauss-Bonnet (EGB) gravity [20] [21] [22] [23] . However, first, a generalized formalism of constructing such conservation laws was not presented fully in all the details; second, not all the possibilities of such covariant generalized constructions have been discovered and developed. In the present paper, we close these gaps. The paper is organized as follows.
In Sect. 2, as preliminaries, we give Mitzkevich's presentation [24] for deriving Noether identities in an arbitrary field theory. The Noether procedure is applied directly to a covariant scalar density (Lagrangian), however presented in a not covariant form through partial derivatives of field variables up to a second order. All the metric theories, Lagrangians of which depend on the Riemann tensor algebraically, are just related to this class. As a finalized result, not covariant identically conserved currents and correspondent superpotentials are obtained.
In Sect. 3, covariant identities and identically conserved quantities are carried out in an arbitrary field theory. In Subsect. 3.1, for this goal one includes an arbitrary fixed external metric into the Lagrangian exchanging partial derivatives (in a special way) by covariant derivatives related to the external metric. In the result, the initial Lagrangian becomes evidently covariant, although in a reality it does not contain the auxiliary metric in whole. This trick permits us to present in a covariant form both identities and identically conserved quantities. It turns out that the way of constructing covariant conserved quantities presented in Subsect. 3.1 has a freedom, which is considered in Subsect. 3.2. In Subsect. 3.3, we explore the freedom to present a new family of covariant Noether identities and identically conserved quantities. In Subsect. 3.4, we expand the new family using the Belinfante modification [26] , which is a more popular reconstruction of the pure Noether procedure [13] .
In Sect. 4, using the generalized results of Sect. 3, we consider an arbitrary metric theory. In Subsect. 4.1, necessary elements of the Noether identities related to a pure metric gravitational Lagrangian are given. In Subsect. 4.2, a new family of covariant conservation laws and conserved quantities for perturbations on arbitrary curved backgrounds, containing both canonical Noether and Belinfante corrected types, is presented.
In Sect. 5, we apply the above results to calculate a mass of D-dimensional black hole (BH) in the EGB gravity presented by the Schwartzchild-anti-de Sitter solution [27] . In Subsect. 5.1, we represent the new family of conservation laws for constructing conserved charges in EGB gravity in general. In Subsect. 5.2, we use them to calculate the black hole mass. Already, one of the variants of conservation laws included in the family has been used to study some solutions in EGB gravity [20] [21] [22] [23] . We take into account the previous results as a start point for the present calculations.
In Sect. 6, we discuss the obtained results and future perspectives of their applications. In Appendix A, useful algebraic formulae for calculating with tensor densities in a generalized form are presented. In Appendix B, necessary formulae in the EGB gravity are given.
Preliminaries. Noether identities in an arbitrary field theory
In this section, our presentation follows the presentation in the book [24] . We derive the Noether identities and conserved quantities for arbitrary theories, an action of which
is invariant with respect to coordinate transformations. Thus, the action (1) is a scalar, whereas the Lagrangian
is a scalar density. Here and below 'hat' means that a quantity is a density of the wight +1, for example,
Here, the covariance of the action (or more formally, of the Lagrangian) is the basis for applying the Noether procedure. Dynamical fields of the system (1) and (2) are presented by a set of tensor densities Q A , where the generalized index 'A' is a collective tensor index. Keeping in mind popular metric gravitational theories, the Lagrangian includes derivatives up to a second order. Here and below, Greek indexes numerate coordinates in D-dimensional spacetime; (, α) ≡ ∂ α are partial (ordinary) derivatives.
Considering Lie displacements as perturbations of the system, we define variations of fields as their Lie derivatives:
Please, note the opposite sign 'minus' with respect to the usual one (we follow the definition of variations in [24] ). The notation Q
A α β
is defined by the transformation properties of Q A ; algebraic properties of Q
, necessary here, can be found in Appendix A.
Because the Lagrangian is a scalar density of the weight +1, its variation leads to the identity:
Keeping in mind a dependence of the Lagrangian (2) on Q A and their derivatives and substituting (3) into (4) one obtains the identity:
Usually the identity (5) is named as the general Noether identity. The Lagrangian derivative is defined as usual
(where ∂ βτ ≡ ∂ β ∂ τ ) and defines the left hand side of the field equations for
We introduce also the notation:
Substituting (3) into (5) and providing identical transformations one obtains
In (9), the coefficients are defined by the Lagrangian without ambiguities in unique way:
To derive the last coefficient the evident relationN σ ατ β =N σ αβτ , following from (9), has been used.
Opening the identity (9) and, since ξ σ , ∂ α ξ σ , ∂ βα ξ σ and ∂ γβα ξ σ are arbitrary at every world point, we equalize to zero the coefficients at them independently and obtain the system of identities:
As we know, the system of equations (13) - (16) was pioneered by Klein [28, 29] . Therefore, we shall refer to this system as the Klein identities. After differentiating (14) and using (15) and (16) one obtains the identity ∂ αÛσ α ≡ 0. This means that the right hand side of (13) is equal identically to zero also
These are just the Noether identities. Thus instead of the identity (9) one can use independently (17) and
Call the expression under the divergence with a sign 'minus' as a current
Sign 'minus' is selected to be in a correspondence with the usual sign 'minus' before gravitational (metric) action (see, e.g., [1] ). Because the divergence (18) is equal to zero identically, the current has to be expressed through a quantity (superpotential), a double divergence of which has to be equal to zero identically:Î α (ξ) ≡ ∂ βÎ αβ (ξ), where ∂ αβÎ αβ (ξ) ≡ 0. Let us show this. Due to the symmetry in last two indexes in (12) and the identity (16) one haŝ
Using this identity and (14), after not complicated transformations one obtainŝ
This is rewritten in the form of the identitŷ
where the superpotential is defined aŝ
It is evident that ∂ αβÎ αβ (ξ) ≡ 0, the last term disappears under the double divergence due to the identity (16) . Thus (22) can be considered as the identity equivalent to the conservation law (18) for the currentÎ α (ξ). It is not a goal of the present paper to describe and discuss nuances of the Noether theorems [30] in a detail. For this important and interesting topic one can see, e.g., [31] [32] [33] [34] [35] and references there in. Here, the above presentation differs by the form from the results of applying the classically formulated Noether theorems. It is because the presentation (1) - (23) is more convenient for deriving conserved quantities in metric theories of gravity. Although, of course, an analysis of the general Noether identity has to cover the classical presentation. Let us show this.
The first Noether theorem can be formulated as follows: If the action S is invariant under a finite continuous group of transformations G r depending smoothly on r independent parameters, then there exist r linearly independent combinations of the operators of the field equations (Lagrangian derivatives (6)) expressed through divergences of currents. Let us substitute ξ α = ε α = const into (5) . Then one obtains the identity:
which is just the result of applying the first Noether theorem. Here, the currents are defined asĴ The second Noether theorem can be formulated as follows: If the action S is invariant under an infinite continuous group of transformations G ∞r depending smoothly on r arbitrary functions, then there exist r identically vanishing linearly independent combinations of Lagrangian derivatives and their partial derivatives. The identity (17) is the result of applying this theorem.
Combining the results of the first and second theorems, Noether has formulated the statement often referred as the third Noether theorem [31] [32] [33] [34] [35] , although it was not presented as a theorem. It is explicitly presented in section 6: "An Assertion of Hilbert" of her paper [36, 30] and sounds as follows: If the action S is invariant under an infinite continuous group of transformations G ∞r , then the currentĴ β (α) constructed for a finite subgroup G r of the group G ∞r (due to the first Noether theorem) is the sum of the divergence of the superpotential and a term vanishing on the equations of motion. However, Noether did not provide a recipe for the superpotential construction. In the case of generally covariant theories, an analogous statement was proven by Klein (the Klein boundary theorem) in his works [28, 29] that appeared prior to the Noether's paper where they are cited. Furthermore, additionally to the identities (14) -(16), Klein supplied the recipe for the superpotential construction. Taking into account such a historical development, we shall name the system (14) - (16) and (17) as the Klein-Noether identities.
All the above expressions and identities are not covariant. The next sections are devoted to a construction of covariant identities and conserved quantities. The Lagrangian (2) of a covariant theory is not covariant evidently. One of the ways to present it in an explicitly covariant form is to incorporate an external (auxiliary, background) metric as follows. Turning to the formula (163) one finds
Because the Lagrangian (2) is a scalar density, after identical substitutions
it is transformed into an explicitly covariant form:
Here, g µν , Γ µ αν and R α µβν are metric, Cristoffel symbols and the curvature tensor of the auxiliary spacetime; ( ;α ) = D α means a covariant derivative with respect to g µν ; here and below 'bar' means that a quantity is a background one. One needs to make an important remark. The left hand side of (28) is evidently symmetric in α and β. To show this for the right hand side one has to present Q B;αβ = Q B;(αβ) + Q B; [αβ] , turn to the formula (167) and make necessary algebraic transformations using other formulae from Appendix A.
To conserve the explicit covariance under variation ofL the direct way is to variate the external metric g µν together with fields Q B . However, this way is very cumbersome, and we are going by a more economical one. It is easily to check that the right hand sides of (27) and (28) do not contain the background metric and Christoffel symbols in a reality. To be convinced in this one has to open covariant derivatives in the explicit form. Then it is clear that substitution of (27) and (28) does not incorporate an additional external metric. Recall that the initial Lagrangian (the left hand side of (29)) does not contain a background metric by definition. Therefore the new presentation of the initial Lagrangian after substitution of (27) and (28), namelyL in (29), does not contain g µν and its derivatives in whole. This means that finally variation ofL has to be transformed into the identity (9) anyway. Thus, we follow the inverse way. Using (29), we represent (9) into an explicitly covariant form, and then obtain covariant identities and covariant conserved quantities.
At first we note that the identity (9) is covariant in whole since it has been obtained from the covariant identity (4) directly and conserving all the terms. Now, turn to the identity (17) . It is known that the Lagrangian derivative of the scalar density (6) is covariant. Here, it is useful to demonstrate this fact and to have a covariant expression at hand. We use the algebraic properties of the quantities Q B | ρ τ given in Appendix A. Let us consider the terms of (6) separately, the first one can be represented as
To derive the second term in (6) it is necessary the next equality, which follows from (26) and (29):
Thus for the second term in (6) one has
To derive the third term in (6) we note that
it is evidently covariant and directly follows from (26) and (29) . (Here, we do not take into account the symmetry in α and β at the left hand side, see discussion in Subsect. 3.2.) Thus for the third term in (6) one has
where (30), (32) and (34) one finds that the first terms on the right hand sides survive, the other terms are selfcompensated due to the rules in Appendix A. Thus we show that the Lagrangian derivative (6), the left hand side of the equations of motion (7), is represented in the explicitly covariant form:
Keeping this in mind and using the properties discussed in Appendix A, it is not difficult to show that (17) has also a covariant form
Then one concludes that the identity (18), the same as (9), is covariant in whole. Now, let us change partial derivatives of ξ σ in (18) in the way
ρα and rewrite it as
Below, with using the new form of the Lagrangian (29) and the connections between partial and covariant derivatives (25) and (26) we show that the new coefficients (38) - (40) are represented in an explicitly covariant form. Let us begin from the last the coefficient (40) . Due to (33) the coefficient N (12) is automatically covariant, and the coefficient n is presented in the obviously covariant form
To represent m in (39) we need in the representation of M in (11) . The first term in M is defined by the derivative (8), let us reproduce it. For this we use (31), (33) , and rules in Appendix A. One gets
Using this expression and (33), and again rules in Appendix A, one obtains finally for M in (11):
Next, substituting (43), (40) and (41) into (39) and, after using the rules of Appendix A, one gets the evidently covariant form for m:
To derive u in (38) we have already (40) with (41), and (43). We need to represent only (10) , where the first two terms are evidently covariant (see (29) and (35)); the third term is defined by (42) and by (27) :
and the fourth term is defined by (33) and (28)
Finally one has the evidently covariant form:
Showing that the coefficients in (37) (rewritten (18) ) are covariant, we demonstrate that the expression under divergence in (37) in whole is a vector density, and the identity (37) can be rewritten as
Opening it and equating independently to zero the coefficients at
we get a set of identities:
Substituting here the initial definitions (38) - (40) one can be convinced that the system (50) -(52) consists of linear combinations of the Klein identities (14) - (16) . The identity (49) corresponds to ∂ αÛ α σ ≡ 0. The last is a consequence of (14) - (16) . Analogously, (49) is not independent -it is a consequence of (50) -(52).
Since the equality (48) is identically satisfied, the current
must be a divergence of a superpotential (antisymmetrical tensor density):
for which ∂ βαî αβ ≡ 0. Indeed, substitutingû σ α from (50) into the current (53), using (51) and algebraic properties ofn σ αβγ and R α βρσ , and conserving the covariance, we reconstruct (53) into the form (54), where the superpotential isî
It is explicitly antisymmetric in α and β.
At last, the current in (53) can be rewritten aŝ
where z-term is defined aŝ
and 2ζ ρσ = −£ ξ g ρσ = 2D (ρ ξ σ) . Thus, z-term disappears, if ξ µ is a Killing vector of the background spacetime. Then only the current (56) is determined by the energy-momentum (u + nR)-term and the spin m-term. Now, let us sum the results. Instead of the non-covariant coefficients (10), (11) and (12), correspondent covariant coefficients (41) , (44) and (47) have been constructed. Instead of the non-covariant Klein-Noether identities (14) - (16), (17) , correspondent covariant identities (50) -(52), (36) are presented. By the construction, the explicitly covariant current (53) is equal to the current (21) in the original form exactly:î α ≡Î α . However, one can show that
This means, of course, that ∂ βî αβ ≡ ∂ βÎ αβ for the superpotentials (55) and (23), thus there is no a contradiction.
Another variant of covariantization
In Sect. 2, all the identities and conserved quantities are derived through partial derivatives. The order of partial derivatives is not important because they are symmetrical with respect to replacements. For example, expressions, like ∂L/∂Q B,αβ , are symmetrical in α and β. Nevertheless, in previous subsection, we did not used the symmetry of partial derivatives, conserving an original order of derivatives in the identities (unlike [24] ), see remark after (33) ). This has permitted us to present the covariant versions of identities and conserved quantities. However, there are another possibilities.
To introduce the situation let us consider an auxiliary LagrangianL test = P Bαβ Q B,αβ + . . . as an example. After direct covariantization it acquires the formL test =P Bαβ Q B;αβ + . . .. The variation with respect to Q B,αβ in the fist case gives P B(αβ) . However, originally P Bαβ is not necessarily symmetrical in α and β, therefore in the second case the variation with respect to Q B;αβ gives simply P Bαβ . Thus, unlike the first case, the other order of second covariant derivatives can lead to a different result. If we symmetrize α and β in the second case:L test =P Bαβ Q B;(αβ) + . . . then we need to change the other terms in the Lagrangian.
To study the problem of a different order of second covariant derivatives let us change this order in (29) :
For the sake of clearance one has to explain the notations. Here, the second line has the form of the Lagrangian of the first line, only the inverse second covariant derivatives are used. One can see that the arguments are mixed at the second line. After re-ordering the arguments, following the first line, it is clear that the Lagrangian acquires the other form (the third line). The star form is useful for the presentation because we need not remark every time that we use the inverse order of derivatives. After the exchange in (59), it is evidently that derivatives with respect to second covariant derivatives of Q B change their order, also one obtains an additional derivative with respect to Q B , proportional to the Riemannian tensor. At first, one has to be convinced that after this exchange the equations of motion (7) do not change. Of course, for the starred Lagrangian the form of the Lagrangian derivative has to be the same (35) . Then, substituting the second line of (59) into (35) one obtains
(60) Changing the order of derivatives in the third term at the right hand side, using (167) and other formulae in Appendix A, one can see that, indeed, it is same Lagrangian derivative (35) . However, the different definitions of the covariantized Lagrangin in (59) lead to different conserved quantities that we show below.
The use of the second line of (59) in (41), (44) and (47) giveŝ
Remark, to obtain the set (61) -(63) one has to turn to the expressions (41), (44) and (47) 
where we define
A direct substitution of (64) -(66) into the identities (49) -(52) shows that n * , m * and u * satisfy them also, like the coefficients n, m and u. This means that if we construct a starred current with using the rule (53):
then it is conserved identically. Indeed, it is easily to find that
Then ∂ αî * α ≡ ∂ αî α , and consequently ∂ αî * α ≡ 0. Analogously to (54), the identityî * α ≡ ∂ βî * αβ
The direct substitution of (64) and (65) into (71) giveŝ
The expression in the square brackets is antisymmetric in α, β and ρ. Thus D ρ can be changed by ∂ ρ and one can see that the term in the square brackets does not contribute into the current in (70). Also, due to the Stockes theorem this term does not contribute into surface integrals calculated with the use of the superpotential. Therefore we use onlŷ
which is in a correspondence with (69) and (70).
A new family of the covariant Noether identically conserved quantities
It is worthy to discuss the situation. One has the identities
Recall that each of the LagrangainsL,L andL * gives the same equations of motion for Q B . Then adding (17) in a related form to each of the identities in (74) one obtains
Each of these identities is its own form of the unique identity (9) . All of the identities (75) -(77) can be interpreted as following after variation of the same Lagrangian. Therefore, the choice of bothî α andî * α , as a covariantized current, has equal rights. Nevertheless, what could be preferable from them? From the first glance it seems that it isî α because by the construction,î α ≡Î α . On the other hand, a conservation of the symmetry of partial derivatives looks as a nice idea. Then one can chooseL(
α µβν ) instead of (59). In a reality, we do not see any theoretical foundation for a choice. Possibly, in future, applications to complicated solutions of the numerous modern modifications of GR will permit to do the choice. To unite aforementioned possibilities for constructing covariant conserved quantities we suggest a covariantized Lagrangian of the form:
where p + q = 1 with real p and q. The Lagrangian (78) leads to the same field equations (7), whereas the conservation law and conserved quantities for (78) are defined now asî †α ≡ ∂ βî †αβ ,
presenting in a reality a family of identically conserved quantities. To finalize subsection one has to note the following. Recall that a divergence in the Lagrangian, being non-essential for deriving field equations, is important (frequently even crucial) in a definition of Noether canonical conserved quantities. We give some necessary formulae. For the scalar densitŷ L ′ =d ν ,ν one has the Noether identity (£ ξd α + ξ αdν ,ν ) ,α ≡ 0, which has to be considered together with (4) (or (9) ). This gives additional contributions into the current (53), also (69) or generalized (80), and into the superpotential (55), also (73) or generalized (81):
Note that a construction of these quantities does not depend on the inner structure ofd ν .
The Belinfante corrected family of covariant identically conserved quantities
Here, we modify the results of previous subsections by the use of the Belinfante procedure [26] . Using the general Belinfante rule [13] we define a tensor densitŷ
which is called as a Belinfante correction, add D β (ŝ αβσ ξ σ ) to both sides of (54) and obtain a new identity:î
This modification cancels the spin term from the current (56):
a new z-term disappears also on Killing vectors of the background:
Thus, the currentî α B is defined, in fact, by the modified energy-momentum tensor densityû Bσ α . Because the new superpotential depends on the n-coefficients only:î
then due to the definition (12) it vanishes for Lagrangians with only the first order derivatives. On the other hand, the superpotential (89) is well adapted to theories with second derivatives in Lagrangians, say, algebraically depending on Riemanninan tensor. It is important to note that the Belinfante procedure cancels the contributions of the divergence into currents and superpotentials, see (82) -(84). Let us show this. The Belinfante correction constructed for the divergence by the rule (85) for (84) is presented aŝ
Then, adding D β (ŝ ′αβσ ξ σ ) andŝ ′αβσ ξ σ to (82) and (83) and keeping in mind (84) one obtains easilŷ
All the above can be applied exactly to the starred quantities in Subsect. 3.2, obtaining in the resultî * α
The connection with the usual and starred Belinfante corrected quantities iŝ
The Belinfante corrected covariant conservation law and conserved quantities for the united covariantized Lagrangian (78) are defined aŝ
presenting a Belinfante corrected family of identically conserved quantities. It was remarked earlier that the conserved quantities constructed in [1, 20, 21, 23] are unique for the Lagrangian and in the framework of the Noether or of the Noether-Belinfante procedure. There is no a contradiction with the results of this section where we suggest a new family of conserved quantities. It is because we have found here various possibilities to construct covariantized Lagrangians, in fact we suggest a family of such Lagrangians (78). Thus, for each of the Lagrangians of the family the conserved quantities are defined by an unique way.
Conserved quantities for perturbations in arbitrary D-dimensional metric theories

A metric theory
To present D-dimensional metric theory we consider the Lagrangian:
which depends on the metric g µν and Φ and their derivatives up to a second order, where Φ defines matter sources without concretization. ThusL g can be thought as an algebraic function of the metric and Riemannian tensors,L g (g µν ) =L g (g µν , R α ρβσ ), that can be arbitrary. Variation of (101) with respect to g µν leads to the gravitational equations:
Variation of (101) with respect to Φ gives corresponding matter equations.
Below we will use also the background Lagrangian defined asL D =L D (ḡ µν , Φ) and corresponding background gravitational equationŝ
and matter equations. We set that the background fieldsḡ µν and Φ satisfy the background equations and, thus, are known (fixed).
In the present subsection, the subject of our attention is the gravitational part of the Lagrangian (101). Basing on the results of previous section, we set Q A = {g µν } and incorporate an external metric g µν intoL g in (101). A presentation of the Lagrangian in an "explicitly" covariant form with the use of g µν is carried out exactly by the recipe of previous section. We change partial derivatives by covariant derivatives defined with respect to g µν . Thus, we transform the pure metric LagrangianL g into an explicitly covariant form:
(104)
Now we derive the coefficients (41), (44) and (47) for the LagrangianL = −L g /2κ D , setting there Q A = {g µν }. Thus, the coefficients are defined as follows. We directly rewrite n and m coefficients: 
It is useful to present u coefficient in a structured form:
we use the notationŝ
As usual, δL g /δg µν means Lagrangian derivatives, see (35) ,Ĝ α σ is exactly the symmetrical left hand side of (102), andÛ α σ is the generalized canonical energy-momentum related to the gravitational Lagrangian (104).
Currents and superpotentials for perturbations
Incorporation of the background metric is a key point, basing on which one has a possibility to describe perturbations. Perturbations are determined by the way when a one solution (dynamical) of the theory is considered as a perturbed system with respect to another solution (background) of the same theory. Then the background spacetime acquires a real sense, not auxiliary. Perturbations in such a derivation are exact (not infinitesimal or approximate), and then linear or of higher order approximations follow easily. We will denote δ as an exact difference between dynamical and background quantities:
Following to the Katz-Bičák-Lynden-Bell ideology [9] we construct the metric Lagrangian for perturbations:
By the definition, the Lagrangian has to vanish for vanishing perturbations, therefore usuallyd α disappears for vanishing perturbations. At first we construct the Noether canonical conserved quantities. Substituting (105), (106) and (108) into (53) (or to (56)), applying the barred procedure, subtracting one from another and taking into account the divergence in the way (82) - (84), one obtains the current corresponding to (112): δî α =î α −î α +î ′α . Then we use the dynamical equations (102) inû σ α . We changeĜ µν (as a part ofû σ α , see (108)) by the matter energy-momentumT µν at the right hand side of (102). Next, we do the same combiningû σ α and the barred equations (103). In the result one obtains that the identically conserved current δî α related to (112) transforms into the current for perturbations:
Now, the conservation law:
takes a place due to the field equations, not identically. The generalized canonical energy-momentum tensor density, spin-term and Z-term for perturbations areΘ
where δ has a sense of a general definition (111). To present the value of the current (113), one has to take solutions to the equations (102) and (103) and use them for calculating concrete values of the quantities (105), (106), (110) and (57). Starting from (55), by the same way we construct a superpotential corresponding to the current (113):
Then, instead of (114) one can use the conservation law in the form:
It is not identity, but the conservation law for perturbations determined by the solutions to the equations (102) and (103). Analogously the starred conservation law can be constructed. Thus, more generally, the family of the Noether canonical conservation laws for perturbations corresponding to the presentation (78) -(81) has a form:
It is edifying to find a connection of the generalized conserved quantities in (120) with known ones in 4D GR. Note, that even in D-dimensional GR there is no a difference between starred and non-starred quantities. It is because the Einstein part of (175) in Appendix B does not contain an antisymmetrical part. Therefore for GR the conservation law (120) is a single one, not a family. Thus, it is enough to take into account the Einstein part in (178) -(180) in Appendix B to derive a superpotential in (120) for GR. Next, choosing the Minkowski background in Cartesian coordinates and the translation Killing vectors in the form ξ α = δ α (β) one recognizes that the superpotential in (120) goes to the very known Freud superpotential [37] in 4D GR.
To construct the Belinfante corrected conserved currents for the perturbed system (112) we substitute (105), (106) and (108) 
Thus, one has a conservation law for perturbations
which takes a place on the field equations, not identically. Of course, the current (121) does not contain a spin term, unlike (113). The Belinfante corrected energy-momentum tensor density and Z-term for perturbations arê
Starting from (89), a superpotential corresponding to the current (121) is constructed analogously:
Instead of (122) the conservation law for the perturbations can be presented also in the form:
It is not identity, all the quantities (105), (106), (110), also (85) and (88) are determined by the solutions to the equations (102) and (103). By the same way the starred Belinfante corrected conservation law can be constructed. More generally, the family of the conservation laws corresponding to the presentation (78), (98) -(100) takes a place:
Again, for GR the conservation law (127) is a single one, not a family. Using the Einstein part in (181) and (182) in Appendix B one can be convinced that on the Minkowski background in Cartesian coordinates and with the translation Killing vectors the superpotential in (127) transforms into the well known Papapetrou superpotential [38] in 4D GR, see also [13] .
Applications
Conserved charges in EGB gravity
In this section, we apply the results of previous sections to calculate mass of the Schwarzschild-anti-de Sitter (S-AdS) BH [27] in the EGB gravity. Reasons why we have chosen this solution are as follows. First, in the Einstein theory there are no differences between various conserved quantities of the new family (see discussion in previous section), but they are exist in the EGB gravity, which is a one of the most popular modifications of GR. Second, the S-AdS BH in the EGB gravity is a more known solution, which is frequently used as a standard solution in applications.
Historically, in [20] [21] [22] [23] , it was suggested the starred variant of conservation laws for perturbations based on the identities (70) and (93) only. In in Appendix B, we present the necessary formulae for EGB gravity including the starred superpotentials (178) -(182) related to (71) and (95) on the right hand sides of (70) and (93). In [20, 21] , basing on these superpotentials, already we have obtained the mass for the aforementioned solution, which coincides exactly with the standard results. In previous sections, expanding the results of [20] [21] [22] [23] , we have suggested not only starred conserved quantities, but the family of conserved quantities united by (120) and (127). Here, we test all of them, calculating mass for the S-AdS BH in EGB gravity with the use of the generalized superpotentials in (120) and (127).
Rewrite the conservation laws of all the types for perturbations in the united form:
Here, a superpotential can be one of the setÎ
; the same is related to the currents for perturbations. The conservation law (128) allows us to construct the conserved charges in generalized form in D-dimensions:
In next subsection we concretize the notations for a section Σ and its boundary ∂Σ.
With the use of (81) and (100), (118) and (125), and starred (118) and (125) we represent the superpotentials in (120) and (127) in the form: The expressions in square brackets are defined by the formulae (73) and (97). Because for the S-AdS BH the starred superpotentials already have been checked we need only to calculate
where (130) and (131) for the EGB gravity one needs in an antisymmetrical in α and β part of the expression (175), see (73) and (97). It is
Thus, from (73) one haŝ
where the quantities ∆ ρ τ µ are presented by the relation (171) in Appendix B, and the definitions (172) and (173) are used also. From (97) one haŝ
The barred expressions are obtained easily.
Mass of the Schwarzschild-AdS black hole in EGB gravity
The S-AdS solution in EGB gravity (see formulae (168), (169) in Appendix B) has a form [27] :
with the metric components g 00 = −f (r) and g 11 = f −1 (r) where
The last term in (136) describes (D − 2)-dimensional sphere of the radius r, and q ab depends on coordinates on the sphere only. The Christoffel symbols corresponding (136) are
where 'prime' means ∂/∂r. The Riemannian, Ricci tensors and curvature scalar corresponding to (136) are
The barred solution (136) is defined by the condition r 0 = 0 and presents a background AdS solution with
The effective cosmological constant is defined as
thus Λ ef f is negative, see (138). For the metric (136) the relation
√ det q ab has a place and is important for calculations. The background Christoffel symbols are the barred expressions (139). The background Riemannian, Ricci tensors and curvature scalar are
(143) The barred expressions (140) go to (143). It is evidently that for solutions (136) perturbations can be described only by ∆f = f − f . Keeping only the first order term with respect to 1/r, we obtain
In [20, 21] , the mass of the S-AdS BH has been obtained with the use of the starred conserved quantities. The starred superpotentials (118) or (125) in the EGB gravity are presented by (178) -(182). Thus, using a timelike Killing vector ξ µ = (−1, 0) of the background and the S-AdS BH data (136) -(144), one obtains
Here,Î αβ D = {Î * αβ ,Î * αβ B }; ∂Σ is the (D − 2) dimensional boundary of Σ that is a spacelike (D −1) hypersurface x 0 = const. The result (145) is the standard accepted result obtained with using the various approaches (see, e.g., [14, 17] , [39] [40] [41] and references therein).
To examine the family of conservation laws (120) and (127), calculating the mass of the S-AdS BH and keeping in mind (145), it is enough to calculate the integral (132)
Here, the Killing vector ξ µ = (−1, 0) is used again, and (134) and (135) have to be calculated for (136) -(144). In the canonical Noether case one obtainŝ ı αβ −î * αβ ≡ 0. The calculations for the Belinfante corrected case givê
The formulae (136) - (144) show that ∆Î 
Concluding remarks
In the paper, expanding possibilities for constructing conservation laws and conserved quantities for perturbations on arbitrary curved backgrounds in metric theories, we have suggested a new family of such expressions and quantities. Particular types of conservation laws, which relate to this family, already exist and have been applied. Thus, in [20] [21] [22] [23] , the conserved quantities denoted here as a starred ones have been presented, see Subsect. 3.2 and Appendix B. The quantities derived in [17] are related to the type considered in Subsect. 3.1. Let us show this.
Reformulating the superpotential (4.8) in the Deruelle, Katz and Ogushi paper [17] constructed in the EGB gravity in our notations, one obtainŝ
Reformulating the starred superpotential (178) in the terms of the dynamical covariant derivative (172) with the use of (173), one obtainŝ [17] differs from the divergence here defined by (180) in Appendix B, see remarks around (180).
The result of the application here is that all the superpotentials of the family give the same standard accepted mass for the S-AdS BH. Thus, differences between various conserved quantities of the family, possibly, look as not essential. However, numerus solutions of popular gravitational theories frequently have very exotic properties. Therefore, wider possibilities to study such solutions are desirable, and, in this relation, the suggested family presents a more universal instrument. We do not exclude the situation when any solution any modified theory of gravity could be a crucial test solution for a choice between members (conserved quantities) of the family. We plan such applications in future.
A Auxiliary algebraic expressions
Here, we give useful for calculations algebraic properties of the operator presented by the notation Q A α β included in (3):
In general, we follow to [24] , however our treating Q A α β is more simple and more effective, as we imagine. We define the operator for covariant quantities only: tensor densities or sets of tensor densities. For example, for a tensor density of the weight +n one has 
follows after covariant differentiation of (151). Also an action of a double vertical line is defined by a natural way:
where ' B ' is a new generalized index. More important properties follow from the usual properties of the Lie derivative. Thus from
where [ζξ] = ξ ρ ζ α ,ρ − ζ ρ ξ α ,ρ, the next relations are derived: 
The first term at the right hand side, to which the vertical line is applied, is a vector density, therefore it is useful also 
The definition Q A α β in (150) corresponds to the presentation of the covariant derivative by the way:
Namely this presentation is used to represent a partial derivative through a covariant one.
Recall that for the vector densityQ α : DαQ α = ∂αQ α , and for the antisymmetric tensor densityQ αβ : D βQ αβ = ∂ βQ αβ . Then, the definition (163) evidently giveŝ 
Calculations in the text of the paper are very prolonged and it is impossible to note in each the case what formulae in this Appendix have been used. Therefore, we do not do it, explaining only a general direction of calculations. The information in this Appendix is quite enough to repeat our calculations without principal obstacles.
B Necessary formulae in the Einstein-Gauss-Bonnet gravity
The action of the Einstein D-dimensional theory with a bare cosmological term Λ 0 corrected by the Gauss-Bonnet term (see, for example, [14] ) is
where κ D = 2Ω D−2 G D > 0 and α > 0; G D is the D-dimension Newton's constant, Ω D−2 is the area of a unit (D − 2)-dimensional sphere, and we restrict ourselves by Λ 0 ≤ 0. The subscript ' E ' is related to the pure Einstein part of the action (168), and the subscript ' GB ' is related to the Gauss-Bonnet part connected with α-coefficient.
To present the metric LagrangianL EGB in an explicitly covariant formL EGB one has to change partial derivatives ∂µ of the dynamic metric gµν in the Riemannian tensor by the covariant derivatives Dµ. We use next useful formulae: 
is the difference between the Christoffel symbols related to the dynamic gµν and the background g µν metrics. It is useful the next relations also. Analogously to (163) one defines the covariant derivative related to the dynamic metric:
Then, comparing (172) and (163) one obtains
The coefficients n * and m * (see formulae (176) and (177) below), corresponding to the LagrangianL EGB in (168), are necessary for calculating superpotentials. However, at the first it is useful to present the next derivatives: 
Substituting (174) and (175) into (61) and (62) 
